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The Waldmann-Vestner theory for boundary layer effects in polyatomic gases in the near-
hydrodynamic regime predicts that in a rarefield heat conducting gas the boundary layers will be 
birefringent due to the presence of second rank angular momentum polarization. An experiment 
has been set up in order to measure the birefringence as a function of the distance to the bound-
ary. However, no effect could be detected for N2 and C0 2 within the sensitivity of the experi-
ment. This corresponds to an upper limit for the birefringence, which is a factor 6 smaller than 
expected. These results are in contrast to the qualitative data reported earlier in the literature; no 
conclusions can be drawn, however, about the validity of the Waldmann-Vestner theory. 

1. Introduction 

During the last decade there has been much 
experimental and theoretical interest in b o u n d a r y 
layer phenomena in gases consisting of rotat ing 
molecules. Such phenomena are, for example , field 
effects on cross phenomena in the Burnett (or near-
hydrodynamic) regime such as the viscomagnet ic 
heat flux [1], the viscomagnetic d i f fus ion flux [2], 
the thermomagnetic pressure d i f ference [3] and the 
thermomagnetic torque [4], and finally Knudsen 
corrections on field effects on t ransport p h e n o m e n a 
in gases [5], A phenomenological theory for these 
effects has been developed by W a l d m a n n and Vest-
ner [6-12] , In this theory the dif ferent ia l equa t ions 
which describe the bulk of the gas (up to Burnett 
terms) are supplemented with phenomenologica l 
boundary conditions valid at the wall. This theory 
has been reasonably successfull in descr ibing the 
phenomena listed above. A problem is, however , 
that the theory inherently contains a n u m b e r of free 
adaptable parameters as a consequence of the use of 
phenomenological boundary conditions. These occur 
in a complicated way in the theoretical expressions 
in the cases studied so far. The quest ion there fore 
arises, whether the agreement obta ined is signifi-
cant. 

* Present address: Philips Research Laboratories, Eind-
hoven. The Netherlands. 
Reprint requests to Prof. J. J. M. Beenakker, Huygens 
Laboratory. P.O. Box 9504, 2300 RA Leiden. The Nether-
lands. 

Such an impression is suppor ted by the wide 
range of equally good values found for the p a r a m e -
ters (see e.g. [1, 3]), and by the fact tha t the values 
found in different exper iments seem to be unre la ted 
(compare for example the values found for C a and 
Cam obtained f rom the Knudsen correct ions for the 
viscomagnetic effect [5] with those ob ta ined f rom 
the viscomagnetic heat f lux exper iments [1]). 

A more decisive test of the theory can be m a d e 
by measuring the bi refr ingence which is p red ic ted 
to occur in the boundary layer of a raref ied hea t 
conducting gas [13]. In this exper iment the b o u n d -
ary layer can be studied locally, while the o ther 
experiments mentioned are all " g a p - a v e r a g e d " phe -
nomena. Qualitative results of a bounda ry layer 
birefringence experiment were publ i shed by O u d e -
man etal . in 1981 [14]. T h e results did not, however , 
permit a reliable quant i ta t ive analysis. 

In this paper new appara tus is descr ibed, which 
was developed in order to investigate the b i re f r in -
gence in the boundary layer of a heat conduc t ing 
gas as a function of the distance to the wall. In 
Sect. 2 a short introduct ion to the theory is given, 
while the experiment is discussed in Sect. 3. 

2. Theory of Boundary Layer Birefringence 
in a heat conducting gas 

The theory of boundary layer b i re f r ingence 
(BLBF) has been formula ted by Vestner and 
Beenakker in 1977 [13]. In Fig. 1 a flat plate a r range-
ment for the investigation of this effect is schemat i -
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Fig. 1. Schematic parallel plate arrangement with coordi-
nate system for boundary layer birefringence. 

cally indicated and a coordinate system is de f ined . 
In this theory it is assumed tha t the d o m i n a n t 
angular momentum polarizations occurr ing in this 
problem are the tensor polar izat ion a = { O 0 2 ) , 
which gives rise to birefr ingence, and Kagan polar i -
zation b = ( O 1 2 ) , which can be considered as a f lux 
of tensor polarization (the symbol ( ) denotes a 
non-equilibrium average). 

In the bulk of the gas the tensor polar iza t ion is 
zero, since no driving force with the p roper tensorial 
character is present (such as WT, for example) . In 
order to evaluate <d>02) in the bounda ry layer of a 
heat conducting gas, Vestner and Beenakker [13] 
derived two differential equat ions f rom the t rans-
port-relaxation equat ions which connect the polar i -
zations O 0 2 and O 1 2 according to 

and 

A12 = - LVA02 + q - \ . ( i ) 

(2) 

The quantities A02 and A12, which are p ropor t iona l 
to ( O 0 2 ) and (A*12), are def ined in order to give (1) 
and (2) a simple appearance: 

A02 = p — 

A ]2 = p — 
m(\ + ,2)\ S(\2

E) 

with r=(2cmt/5k)W2. These def in i t ions are essen-
tially the same as those in [13], a l though here (as in 

[14]) the total heat flux 4>I0E has been used as basis 
function instead of the translational and rota t ional 
heat fluxes separately. Hereby s impli f ied expres-
sions are obtained [15]. The quant i ty L in (1) and 
(3) denotes a mean free path length which is pure ly 
determined by bulk quanti t ies 

( n ) W 2 

l = {y (12) y (02)} - 1 / 2 

4 / 7 
(5) 

The effective cross sections y (02) and ^ ( 1 2 ) de-
scribe the decay of tensor polarizat ion and Kagan 
polarization, respectively, while the p roduc t ion 
cross section ^(|OE) describes the coupl ing of the 
total heat flux 0 1 O E to the Kagan polar iza t ion. 
These cross sections are known f rom exper iments on 
field effects in the dilute gas regime. Finally the 4th 
rank isotropic tensor in (1) has componen ts A i j k i = 
y 4/ + t Sjic - j S,j dki • 

A non-trivial solution to the set of d i f fe ren t ia l 
equations (1) and (2) can only be found near the 
walls, as a result of the boundary condi t ion for the 
tensor polarization a (or A02): 

A02 = Cat q n ini + Ca n A1 (6) 

which follows from Waldmanns equat ion for inter-
facial entropy production. This is the same b o u n d -
ary condition as the one which occurs in the de-
scription of the thermomagnet ic pressure d i f fe rence 
(see [10]). Here n is an outward unit vector normal 
to the plates (see Figure 1). The symbol 1 denotes 
the symmetric traceless part of a tensor. T h e phe-
nomenological coefficients Ca t and Ca are t reated as 
free parameters. 

The differential equations (1) and (2) together 
with the boundary condition (6) yield the fol lowing 
solution (for L d): 

A02 = _ Q ~ Q t sinh (x/L) 
Ca + 1 sinh (d/L) 

(7) 

The difference A v between refract ive indices 
parallel and perpendicular to n is directly p ropor -
tional to <<D02> (and thus to A02), and the re fore 
depends on the position .v (see Fig. 1) according to 

Av = - 2 1 ) q 
10 e0 k T ( — ) \3kT) 

1/2 
( 1 + r2)-l/2 

Ca — Ca t sinh ( x / L ) 
(8) 

{S(\2)S'(02)}U2 Ca + 1 sinh (d/L) ' 
where (a - a^) is the polarizabil i ty anisot ropy in 
S.I. units (Fm2). Near the plates, where .v j = d, the 
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birefringence decreases exponentially with the dis-
tance from the wall, i.e. as exp — {(d- \ x I )/L). 

Local measurements of the birefr ingence in the 
boundary layer of a heat conduct ing gas as a func-
tion of the distance to the wall could in pr inciple 
allow a verification of the theoretical dependence 
on .Y as given in (8). Since only bulk proper t ies 
determine L (see (5)), for this test nei ther the 
adaptable parameters Ca and Ca t nor the magn i tude 
of the heat flow q need be known. 

3. Experiment 

The measuring cell used to measure BLBF (see 
Fig. 2) essentially consists of the hot and cold plate 
arrangement of Fig. 1, mounted in a high vacuum 
tank. In order to measure the birefr ingence in the 
boundary layer locally, use was m a d e of a nar row 
He-Ne laser beam ( / = 632.8 mm) . The laser-wall 
distance could be varied by adjust ing the height of 
the cell with respect to the laser beam, while the 
optical windows remained fixed. In this way spuri-
ous effects due to changes in the optical path were 
avoided. The optical set-up and detection me thod 
are the same as those used by Baas et al. to measure 
e.g. flow birefringence in gases [16]. 

The birefringence to be expected is extremely 
small (predicted value A v/A T ^ 4 x 1CT15 K - 1 for 

Fig. 2. Cross section of the cell used to measure boundary 
layer birefringence. As upper plate an assembly of tubes is 
employed, through which hot and cold water can be circu-
lated for temperature modulation. The laser beam passes 
perpendicularly to the plane of drawing. 

N2 at 1 Pa and at 2 m m laser-wall d is tance for an 
infinite flat plate arrangement) . It is essential, there-
fore, to modula te the appl ied t empera tu re d i f fer -
ence with a sufficiently short period in o rde r to dis-
criminate against noise and spurious b i re f r ingence 
in the optical elements. A modula t ion per iod < 30 s, 
combined with phase sensitive detect ion techniques 
[16], makes it possible in pr inciple to ob t a in a reso-
lution of J v ^ 2 x l 0 ~ 1 5 with the se t -up used. In 
practice the resolution is somewhat worse in this 
experiment due to dis turbances connected with the 
modulation method used. 

The upper plate of the measur ing cell consists of 
a 0.5 m long assembly of thin walled (0.2 m m ) 
german silver tubes of 6 m m d iamete r (see Fig-
ure 2). The tempera ture modula t ion was achieved 
by alternately circulating water f rom a hot and cold 
reservoir. With a 30 s modula t ion t ime a 25 K 
modulation depth with respect to the lower (glass or 
brass) plate at 293 K was easily achieved. Since 
measurements were only pe r fo rmed near the lower 
plate, the fact that the uppe r plate was not flat was 
not important. The modula t ion method is not per-
fect, however, since a phase lag of the t empera tu re -
time profile develops along the plate. This was 
monitored by a set of Fe -Co the rmocouples moun t -
ed on the tubes. The effective, phase averaged, 
modula t ion dep th ATe ( ( proved to be about 15 R. 
Since relative measuremen t s of the bi refr ingence as 
a funct ion of laser-wall distance were intended, a 
more accurate de te rmina t ion of the modula t ion 
depth was not necessary. 

Several considerations de te rmine the d imens ions 
of the cell. The birefr ingence to be measured shows 
up as a phase difference between two or thogonal 
components of the incoming linearly polar ized laser 
light. This phase dif ference is propor t iona l to the 
cell length, which was taken 0.5 m in o rde r to ob ta in 
sufficient sensitivity. The bi refr ingence was detected 
near the lower plate. The laser-wall d is tance had to-
be greater than 2 m m in order to avoid p rob lems 
with scattered laser light. This means tha t the m e a n 
free path L (see (5)) typically had to be between 1 
and 10 mm, and that therefore the pressure had to 
be chosen between 5 and 0.5 Pa (see (5)). Since 
fur thermore the condit ion d^> L should be fulf i l led 
(see Sect. 2), d = 4 . 5 c m was chosen, so that the 
plates were 9 cm apart . T h e width of the plates had 
to be limited to 5 cm, in order to have a reasonably 
small vacuum tank. Consequent ly , only a ra ther 
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poor approximation to an infinite flat plate a r range-
ment was obtained, so that the heat flux q was not 
precisely known. However, this was not essential for 
the relative measurements intended. 

In order to calculate the expected m a g n i t u d e of 
the effect a worst case es t imate for q can be ob-
tained by comparing the flat plate a r r angemen t of 
Fig. 2 to a concentric cylinder a r rangement ; the 
heated upper plate then corresponds to the inner 
cylinder, with radius 2.5 cm and the lower p la te 
combined with the vacuum tank to the outer cylin-
der with a 11.5 cm radius. At 2 m m f rom the ou te r 
cylinder the heat flux q is then found to be a fac tor 
1.8 lower than in the corresponding inf in i te flat 
plate arrangement with a 9 cm gap (see e.g. [17]). 
This is a rather pessimistic extreme. Moreover , the 
correction to the heat flux will be smallest at the 
position of the laser beam near the midd le of the 
lower plate. An upper l imit 1.5 for the reduc t ion 
factor for the heat flux q may therefore safely be 
assumed. 

In the experiments the noise level increased 
roughly proportional to the t empera tu re m o d u l a t i o n 
depth, and the obtainable resolution was l imi ted to 
A v / A T ^ l x l O - ^ K " 1 . With z i r e f f ^ 1 5 K exper i -
ments were performed for N 2 and C 0 2 at var ious 
pressures (0.1 to 10 Pa) and at var ious laser-wall 
distances (2 to 9 mm). Both glass and brass lower 
plates were used. 

Within the experimental resolution no effect was 
found. Consequently no in format ion could be ob-
tained about the validity of the d i f ferent ia l e q u a -
tion (2). Only upper l imits for the combina t ion of 
C-coefFicients occurring in (8) have been ob ta ined . 
Cross section values needed for this pu rpose were 
taken f rom dilute gas experiments . All necessary 
data may be found in the compi la t ion given in [18]. 
The Knudsen corrected heat flux q was calculated 
according to 

with K the Knudsen correction constant in a flat 
plate arrangement with a separat ion of 9 cm 
(A^=0.4Pa for N2) and / the earlier men t ioned 
geometrical reduction factor for q ( / = 1.5). With 
the resolution quoted above, the resulting upper 
limit is (see also (8)) 

c,-c, 
C + l 

<0.16 (10) 

K 
q=rx 1 + -p 

1 AT 
A 

2d ' 
(9) 

both for N2 and C 0 2 . This is about a factor 6 lower 
than expected by using values for Ca and Ca t f r o m 
experiments on the thermomagnet ic pressure d i f fer -
ence [3]. As discussed in [3] these values are not very 
reliable, however. A more reliable value for C a has 
been obtained from experimental ly de t e rmined 
Knudsen corrections on the viscomagnetic effect [5]: 
Ca = 1.0 was found, so that f rom (10) the condi t ion 
0 . 7 < C a t < 1 . 3 can be inferred. N o conclusions 
about the validity of the Waldmann-Ves tner theory 
can be obtained from this result, however. 

The upper limit found here is in striking contrast 
with the large results reported in [14], ob ta ined in a 
set-up having a resolution (in terms of A v/q) which 
was apreciably poorer than in the present experi-
ment. A careful reanalysis of the exper imenta l set-
up and of the measuring procedure of [14] has led to 
the conclusion that their results must be at t r ibuted 
to spurious effects. 
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